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SUMMARY

The present study addresses constitutive modelling and implementation of transversely isotropic hyper-
elastic material models for the analysis of the mitral valve. This valve separates the left atrium and left
ventricle in the heart. Two convex strain energy potentials are employed in derivation of stress tensors
and elasticity tensors. The plane stress and incompressibility conditions are accounted for directly. The
relationships are implemented in an implicit code (ABAQUS) via the user-defined interface. Numerical
simulations of the valve motion during a part of the heart cycle are carried out and compared to ultrasound
measurements of a healthy human valve. The significance of placement of chordae tendinae is illustrated.
The implementation provides a tool for simulations of both healthy and pathological mitral valve conditions.
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1. INTRODUCTION

In many instances a three-dimensional finite element approach is employed for the analysis of soft
biological tissues. Frequently, soft tissues are considered as incompressible (or nearly incompress-
ible) materials, and this constraint is then treated by means of the mixed finite element method.
However, several soft tissues show a significant large planar extension and a much smaller extension
in the out-of-plane direction, so that the stress state can be considered as plane. Such tissue sheets
can conveniently be analysed using structural elements such as membrane shell finite elements.
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In such elements the plane stress condition is accounted for leading to simulations in a reduced
stress space. The incompressibility condition is used to express the strain in the out-of-plane
direction as a function of the in-plane strains, and there is no need to use mixed finite elements.

The present work was motivated by an interest in the development of an accurate and robust
constitutive framework for the large deformation behaviour of those soft biological tissues, which
may be characterized by a single family of collagen fibres. In particular, the focus was on the
implementation of two constitutive models able to capture the typical stress—strain response of
mitral valves. For this purpose the non-linear finite element program ABAQUS/standard and the
user-defined subroutine UMAT served as an appropriate tool. The main interest, however, was the
numerical simulation of the mitral valve/chordae tendinae complex.

The mitral valve is a very important valve between the left atrium and the left ventricle of the
heart. It consists of two leaflets: the anterior (or aortic, as it is located close to aorta) and the
posterior. The anterior leaflet is much larger than the posterior leaflet. Both leaflets are attached
to the annulus and to the chordae tendinae. The chordae tendinae are further attached to the
papillary muscles. This composition of tissues is called the mitral apparatus. During the systole
the mitral apparatus prevents blood from flowing back into the atrium when the ventricle contracts.
Hence, it is of major importance in order to avoid regurgitation. In order to assess pathologies, one
first needs to thoroughly understand the normal heart and its tissue components. Almost all soft
biological tissues such as the myocardium, tendons, heart valves and arteries exhibit anisotropic,
viscoelastic and highly non-linear stress—strain responses. They undergo large deformations in vivo
and complex coupling between their different constituents. Due to this complex material behaviour
and due to the different responses between the in vivo and in vitro situations the identification of
the most feasible material model and related parameters are challenging tasks.

May-Newman and Yin [1] proposed a transversely isotropic material law for mitral valve tissue.
It is based on experimental data obtained from biaxial tension tests carried out on porcine mitral
valves. These tests demonstrated that both leaflets are anisotropic and exhibit highly non-linear
mechanical response. In [1] the focus was on in vitro biaxial testing of mitral valve tissue, and
on the important identification of a strain-energy function and material parameters, but not on its
implementation.

Hyperelasticity provides an ideal framework for numerical modelling of soft biological tissues
because it allows the formulation of large deformation including anisotropic effects. Previously,
several numerical simulations of the mitral apparatus have been conducted with different types of
material models for the leaflets (see, e.g. Kunzelman et al. [2], Einstein et al. [3], Votta et al. [4],
Dal Pan et al. [5]). Several authors have implemented models for soft biological tissues into finite
element codes. Einstein et al. [6], e.g. described the implementation of a membrane formulation
for soft tissues in an explicit finite element code. Gruttmann and Taylor [7] derived a rubberlike
constitutive material model for membrane shells using principal stretches, whereas the present work
is based on an invariant formulation. Holzapfel et al. [8] described a finite element implementation
of the Fung model for biological membranes. Weiss et al. [9] provided an implementation of nearly
incompressible transversely isotropic hyperelastic materials, and Sun and Sacks [10] implemented
a generalized Fung model more recently.

In the present study, we develop a generalized approach for a finite element implementation
of transversely isotropic membrane shells with application to mitral valve leaflet mechanics. The
formulation of transversely isotropic hyperelasticity is based on the account provided by Holzapfel
[11], and the constitutive models for mitral valves are adopted from May-Newman and Yin [1]
and Holzapfel et al. [12]. Related stress—strain relationships and their linearizations are provided
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and implemented in the user-defined subroutine UMAT within the finite element program ABAQUS.
The section on numerical examples documents a single element equibiaxial test simulation, then
an analysis in which the applied loads are out of plane, and finally a simulation of mitral valve
leaflets is conducted.

2. CONTINUUM MECHANICAL FRAMEWORK AND MATERIAL MODELS

2.1. Kinematics

In the present study, Qy and € represent the reference and current configurations, respectively. We
consider the deformation map @(X) : Qy — R3, which transforms the referential position X € Qg
of a point into the related current position x = @(X) € Q. Hence, the deformation gradient F is
defined as F = 0p(X)/0X = 0x/0X, with the volume ratio J =detF>0 (J =1 for an incompress-
ible ma%erial). The right and left Cauchy—Green tensors are defined, respectively as C =FTF and
B=FF".

The model presented in this paper is developed for membraneous or thin shell-like sheets
considering that the stress state is plane throughout the sheet. ABAQUS/Standard uses a right-
handed local orthonormal system with basis vectors e; and e, located within the sheet and e3
normal to it. These basis vectors rotate with the rigid-body motion and the deformations are
expressed in this local basis system. Hence, it follows that the deformation gradient may be given
in the matrix notation as

Fiiu Fio O
[Fl=| Fo1 Fp O (D
0 0 F33

Consequently, the components C;3 and B;3z (for i # 3) of the related right and left Cauchy—Green
matrices are zero. By using the incompressibility condition J =detF =+/detC=1, C33 can be
expressed in terms of the in plane components, i.e.

C33=(C11Cx — C3)! 2)

2.2. Incompressible transversely isotropic materials

For a material reinforced by one family of fibres, the stress at a material point depends not only on
the deformation gradient F but also on the fibre direction. Hence, we consider a unit vector field
a9(X) representing the direction of a fibre at point X in the reference configuration Qy. During
deformation the vector ag maps into the related current configuration a(X) = F(X)a(X). Allowing
length changes of the fibres, the stretch 4 of the fibre along its direction ag is defined as the ratio
between the current and the reference configuration, i.e.

2 =ay- (FTFag=a - Cag (3)
We recall the standard strain-energy function ¥ for transversely isotropic materials, i.e.
¥ ="¥(C. a ®ap) @)
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which is objective since C and ag ® ap are material tensor quantities. According to Spencer [13],
function (4) may be expressed in terms of five invariants. Thus,

W(C a0 ®@ag)=V*(I1, ..., Is) (5)
where I, I, I3 are the three invariants related to isotropic elasticity, while
Iy=ag-Cag, Is=ap-C’ag (6)

are two pseudo-invariants of C and ag ® ag. In comparison with (3) we note that /4 in (6); is the
square of the stretch / in the fibre direction. For incompressible transversely isotropic materials
the energy function (5) is modified according to

Y=Yy, I, Is, Is) + p(J — 1) (7)

where the scalar p serves as an indeterminate Lagrange multiplier.

2.2.1. Stress and elasticity tensors. The related stress and elasticity tensors for incompressible
transversely isotropic materials can be derived from (7). Hence, the second Piola—Kirchhoff stress
tensor S is

5. 0% Ol

S=2% — L 4 pC! 8
Laract? ®
i#3

and the Cauchy stress tensor 6 =FSFT may be provided by the push-forward operation of S to
the current configuration. Since the stress component S33 is zero for thin sheets we may determine
the scalar p from (8). Thus,

SIGh A

= 0l 0C33
i£3

p=- Cs3 9)

where Cs3 is provided through Equation (2).
The material elasticity tensor C results from (8) according to

s Y a1 ol op oc!

C=4 —‘e-—L+2€0e-L+2 10
2 anenac ®ac T ®ac TG (10
i,j#3

Note that for the spatial description the elasticity tensor for incompressible materials (J =1) is
defined as the push-forward operation of C as

c=%.(0), ciju=FiFjiFkFiLCrikL (11)

In [11, Section (8.4)], the expression of the linearization of the internal virtual work is provided
in index notation, i.e.

0du; 0Auy
DAgdWin(u, du) = | ——(dix0ji1 + cijr)) —— dv (12)
Q 0xj ox;
Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 71:987-1008

DOI: 10.1002/nme



TRANSVERSELY ISOTROPIC MEMBRANE SHELLS 991

where the terms 60 j; + c;jx represent the components of the effective elasticity tensor in the
spatial description, and J;,0 j; is the initial stress contribution. The components c;j; of ¢ represent
the material contribution to the linearization and are related according to

fri=t—lh—dl=c:d (13)

where £y7 is the Lie derivative of the Kirchhoff stress tensor t (Oldroyd stress rate), 1 is the spatial
velocity gradient and d the (symmetric) rate of deformation tensor.

2.3. Strain-energy functions for mitral valves

2.3.1. Specification of ¥ and issue of polyconvexity. In this work we employ two strain-energy
functions with the goal to capture the mechanical response of mitral valve tissue. For example, May-
Newman and Yin [1] proposed a transversely isotropic constitutive model, which was developed by
a comparison of experimental data obtained from biaxial tensile tests of porcine mitral valve tissue
with the constitutive model. Experimental data indicate a highly non-linear mechanical response,
and the model in [1] was proposed in terms of the invariants /1 and I4. Thus,

W (1), Iy) = Colexp 1= +a2/h=D _ (14)

where ¢;,i =0, 1, 2, are material parameters.
An alternative function, similar to that proposed by Holzapfel et al. [12], is

W1, 1) = colexp = el ) (15)

where ¢;, i =0, 1, 2, are material parameters. Note that the part exp[c2 (14 — D2 —1] of (15), which
is related to the response of collagen fibres, resembles the strain-energy function used to capture
the mechanical response of arterial walls, which goes back to the work of Holzapfel et al. [14].
Both energy expressions are based on an exponential function which is an appropriate function to
use for the characterization of the mechanical response of soft biological tissues.

In order to avoid non-physical behaviour of soft biological tissues, the related strain-energy
function must be polyconvex. It can be shown that polyconvexity of a (continuous) strain-energy
function implies that the corresponding acoustic tensor is elliptic for all deformations, which means
from the physical point of view that only real wave speeds occur; then the material is said to be
stable. There exists a vast literature on polyconvexity, a term coined by Ball [15]. For the definition
and several important results on polyconvexity, see, for example, Hartmann et al. [16], Schroder
and Neff [17] and the literature cited therein.

Studying the two strain-energy functions introduced above, we may conclude that both functions
are polyconvex in the case of incompressibility, as employed here, and under the condition that
I4>1. In particular, as far as the isotropic term (/] — 3)2 is concerned, it can be shown that
polyconvexity is fulfilled for the case that the related strain energy is isochoric (see Hartmann
et al. [16]), otherwise (for the compressible case) |F|2 must be greater or equal to three, which is
a severe condition on the isotropic part of the strain-energy function. As far as the function /Iy
in (14) is concerned it is straightforward to show that /15 = [Fag| is convex in F, and, therefore,
that exp(y/T3) is convex in F. Hence, exp(+/Iz — 1)* is also convex if and only if I;>1. The
function exp(I4 — 1) in (15), with condition I4>1, is also convex with respect to F. A detailed
proof is provided in the appendix of Balzani et al. [18].
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2.3.2. Stress—strain relationship and its linearization. In this section, we develop the stress—strain
relationships for the mitral valve tissue by using the strain-energy functions (14), (15). In addition,
the related elasticity tensor is provided.

We assume here that the plane of the fibres in which they are embedded coincides with the plane
of the sheet. Hence, we may express the vector ag, representing the fibre direction in the reference
configuration, and the vector a =Fag, representing the fibre direction in the current configuration,
in the base (e;, e, e3) in form of the matrices

cos 0 F11cos0+ Fipsin0
[ag]= | sin0 |, [a]l= | F21cos0+ F>sinf (16)
0 0

where 0 denotes the angle between e; and the fibre direction. We may now derive the following
stress functions ¥/, ¥, and constitutive functions ¥y, Y44:

2 2 2
oY oY oY oY oY
=, = -, =, ==, = - 17
Vi ol Vs oly Vi ool Via 0ol Vaa 014014 17
with the explicit expressions
Y =2¢c1(I) —3) eXpEl(I‘_3)2+Ez(ﬁ4_l)4,
= = 3
Y= 2C0€2(£4 ) expEl(11_3)2+EZ(ﬁ4_l)4 (18)
4
Wy, = [260¢1 + 42021 2(I) — 3)* ] explt (=3 e (VLi=D* (19)
_ 4eotiea(ly — DNWIs—1° a3 iey (a1
lp14 \/I_ exXp (20)
4
_ 3coca(v 14 — 12 +4c0e2> (Vs — D®  cpea(v1g4 — 1)3
Yag = 7 B 3/2
4 14
x expCl (1= 40 (VT Q1)

for function (14), and

W, =2 coer (I —3) exp™ = Fe2ls=D? -y 0 ion (Iy—1) exptt 13 el (09

Wy =2 cocr exptt =3 Fe2la=? 4 go00 20— 3)2 expe1 (=3 Fea(la=1)? (23)
W4 = deoet (I — 3)ea(ls — 1) expet =3 Fealla=1)? (24)
W = 2c0ca[1 + 205 (I — 1)} expet1=3 Fea(a=1)? (25)
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for function (15). Hence, the stress tensors, the Lagrange multiplier and the elasticity tensors are
determined from the strain-energy function (15). As can be seen from (18)—(21) and (22)—(25), the
strain energy (14) leads to a more complex set of equations for the stresses and the tangent stiffness
as the strain energy (15) does.

Stress tensors and Lagrange multiplier: The second Piola—Kirchhoff stress tensor S and the
related Cauchy stress tensor ¢ may be derived from (8) (note that the invariants /; and /s are not
present in the employed models (14) and (15)). Thus,

S=2y1+ 230 ®a9+ pC~!, o=2¢yB+2y,aQa+pl (26)

In order to compute the Lagrange multiplier p we recall that for plane stress states, with which
we are dealing with, S;3 =0 for i =1, 2, 3. Hence, the expression of the Lagrange multiplier is
provided through (9), which gives

oY o, 0¥ Ol
=2l ———+—— ) C33=-2y,C 27
P (611 0C3z 0l 6C33> » Vi @D

where the relations 01;/0C33 =1 and 014/0C33 =0 (the third component of [ag] in (16); is zero),
and abbreviation (17); have been used. It is easy to check that S33 =0 by inserting (27), into
(26)1, which shows that the plane stress condition is fulfilled.

Elasticity tensors: The material elasticity tensor is now specified by means of (10), which
gives

C=4y1101+4y,(A®@ay®@ap+asR@ay® 1) + 4420 ® ag Q@ ag ® ag

op oc™!
20— +2
+ ®ac TP ac

(28)

where the derivatives d1;/0C =1 and 014/0C = ap ® ap have been used. The explicit components
for the tensor dp/0C for the strain-energy function (15) are provided in Appendix A, while the
components for the tensor 0C~!/0C are given as

ac™! | AP 11
aC ”KL:_E(CIKCJL—’_CILCJK) (29)

According to (11) the spatial elasticity tensor is according to

c=4/ BB+ 4/, BRa®a+a®a®B)+4/ya®apa®a
op ot
+21Q [F—F" ) — 2pl 30
(ac ) p (30)

where the push-forward operation of the tensor —0C~!/0C is equal to the fourth-order identity
tensor [, i.e.

oc™! 1
FiIFjJFkKFlL( =—§(5ik5j1 +0i10jk) = —(Dijus (31
oC 1JKL
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For later use we provide relation (30) also in index notation, which is

Cijkl = 44, B;j By + 4W14(Bijaka[ +a;ajBy) + 4lﬁ44aiajaka[

0
+26;j Frx Fir 5 P_ P(0ikdj1 + 0i16 k) (32)
CkeL

2.3.3. Implementation of the mitral valve models into ABAQUS. We have implemented the material
models (14) and (15) into ABAQUS /standard by using the user-defined subroutine UMAT. Basically,
it is required to compute the Cauchy stress components and the tangent stiffness matrix. Although
the implementation of the stress components is straightforward it is, however, not so obvious how
the tangent stiffness matrix has to be implemented. As it turns out, for shell and membrane elements

ABAQUS/Standard uses the Green—Naghdi stress rate, here denoted as T. Hence, this section has
the goal to explicitly write down the matrices, which are required for the UMAT subroutine within
ABAQUS/standard.

Cauchy stresses: For thin sheets only the three stress components in the plane of the sheet need
to be provided. By recalling (26), and (17) the stress matrix becomes

o1 012
[o] = (33)

12 022
with the stress components
o11 =2y B + 2y aia) + p, 022 =2y B + 2Yarar + p
o12 =2y Bz + 2y aia (34)

and with the scalar p according to (27).

Tangent modulus related to the Green—Naghdi stress rate. The Green—Naghdi stress rate T is
defined as (see, for example, Simo and Hughes [19] and Holzapfel [11])

T=t-Qr4+1Q=c¢:d (35)

where the abbreviations @ =RRT for the skew tensor @ = —QT, with R denoting the rotation
tensor, and

V o o
©ijxt = ()iji — NiakiTaj + TiaNajii,  (©)ijrr = (©)ijki + Tik0j1 + 0ik T (36)

have been introduced. Herein the tensor € is related to the Jaumann stress rate, ¢ is the spatial
elasticity tensor as provided in Equations (11) and (13), or in the specific form (32), and A;jy; are
the components of a material-independent fourth-order tensor. A detailed derivative of (36) can

be found in Appendix B. Note that it is the expression ¢ /J which is required for the ABAQUS
user-defined subroutine UMAT. The stresses in the above relations are already given, what is left
are the components (¢);jx;, which are provided in the next step.

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 71:987-1008
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The general matrix form of the spatial elasticity tensor ¢ for the specific considered plane stress
case reads

Ciin Cnz2 Cun
Cijki= | C211 Cn22 Cnn2 (37)
Cioni Cin Cionz
For simplicity we adopt the following notation:
Dy D1z D3
[Dl= | Di2 Dxn D23 (38)
D13 Dz D33

where symmetry properties have been used. It is now straightforward to derive the components
of [D]. From Equation (32) we find that

op
Di1 =40 B}, 4 2014 Bria? + Yasat) + 2R Fiyme— = 2p (39)
17
_ > 2 2 2 dp
D12 =4[y B11 B+ 4(Briay+Bxay) +asaiay 1+-(Fir Fri+Far Fay) C (40)
17
0
Di3 =4[y, B11 Bi2 + Y14 (Briaraz + Bipa?) + Yasaian + FIIFZJ% 41
17
_ 2 2 4 ap
Dy =401 B3y + 2y 14 Bnay + Yy4ay) + 2F2 Fay i 2p (42)
17
0
Doz =4[ B12Bo + Y14(Bajas + B12a3) + Yyua1a3 + FipFay acp 43)
17
D33 =4()y BT, + 214 Bioaraz + Yusaia3) — p (44)

where I, J =1, 2. Herein p is obtained by means of Equation (27);, dp/0Cyy is provided in
Appendix A, and the constitutive functions are according to (19)—(21) or (23)—(25).

2.3.4. Identification of the material parameters. May-Newman and Yin [1] used three experimental
protocols (off-biaxial, strip biaxial circumferential, strip biaxial radial) to determine the average
material parameters cp, ¢; and ¢ of the strain-energy function (14) for anterior and posterior
leaflets. A set of average material parameters are provided in Table I. The values in Table I
indicate that ¢ and ¢ are similar for both leaflets, while ¢, is much greater in the anterior leaflets.

We identified now the material parameters cg, ¢; and c¢p of the strain-energy function (15)
by fitting the related stress—stretch relations to the stress—stretch relations of the model (14), as
proposed by May-Newman and Yin [1], using four sets of biaxial tests (equibiaxial, off-biaxial, strip
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Table I. Average material parameter values for the
strain-energy function by May-Newman and Yin [1]
according to Equation (14).

co (kPa) c1 2]
Anterior leaflet 0.399 4.325 1446.5
Posterior leaflet 0.414 4.848 305.4

Note: Values are adopted from [1, Table 4].

Table II. Average material parameter values for the
strain-energy function (15).

co (kPa) c1 )
Anterior leaflet 0.0520 4.63 22.6
Posterior leaflet 0.171 5.28 6.46

biaxial fixed in fibre direction, strip biaxial fixed perpendicular to fibre direction). In these tests for
the anterior and posterior leaflets, the fibre direction was aligned with one of the principal stretch
directions. For each leaflet (anterior and posterior) we identified one set of material parameters.
For the fitting process we used the function Isgnonlin in the Optimization Toolbox of Matlab
together with the Levenberg—Marquardt algorithm. The identified average material parameters of
the strain-energy function (15) are summarized in Table II.

The related plots are provided in the Figures 1 and 2, show satisfying agreement.

3. NUMERICAL EXAMPLES

3.1. Equibiaxial test simulation

Displacement-controlled single element tests were carried out in order to check the proper im-
plementation of the stress and tangent stiffness updates within ABAQUS. For this equibiaxial test
simulation, a four-noded membrane element (ABAQUS element type M3D4) was used. The fibre
direction and its perpendicular were aligned with the principal stretch directions, and material
parameters taken from Table II.

The nodal displacements of the element were imposed as boundary conditions, principal stretches
were determined, and related theoretical Cauchy stresses were calculated from (34). The theoretical
Cauchy stresses were then compared with those obtained from the finite element analysis, see
Figure 3.

As can be seen, the single element equibiaxial test illustrates an excellent agreement between
the theoretical and the numerical solutions.

3.2. Out-of-plane loading
The objective of this section is the test of the mitral valve material model behaviour in the case
of out-of-plane loading. Considering the literature, much information on numerical simulation of

Copyright © 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 71:987-1008
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Strip biaxial test on the anterior leaflet,

Equibiaxial test on the anterior leaflet fixed perpendicular to fibre direction
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Figure 1. Cauchy stress—stretch curves for the anterior leaflets: comparison between the constitutive

model by May-Newman and Yin [1], i.e. Equation (14), with material parameters from Table I, and

the constitutive model (15), with material parameters from Table II. Stress values oy are in the
fibre direction, and g2, perpendicular to it.

planar systems is available; however, cases of transversely isotropic hyperelastic models combined
with out-of-plane loading, such as the case for mitral valve leaflets subject to ventricle pressure,
are scarce.

In [20] a phenomenological model for an incompressible transversely isotropic material was
proposed. It is important to note that the model uses eight material parameters, and is therefore
of limited use. We focus on an example described therein. It is a spherical balloon, made of this
transversely isotropic material, and subjected to an internal pressure. For the purpose of comparison
we have now fitted the mitral valve material to the model in [20], and have used the same non-linear
least-square technique, as described in Section 2.3.4, in order to obtain the material parameters of
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Strip biaxial test on the posterior leaflet,

Equibiaxial test on the posterior leaflet fixed perpendicular to fibre direction
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Figure 2. Cauchy stress—stretch curves for the posterior leaflets: comparison between the constitutive

model by May-Newman and Yin [1], i.e. Equation (14), with material parameters from Table I, and

the constitutive model (15), with material parameters from Table II. Stress values o1y are in the
fibre direction, and g, perpendicular to it.

the strain-energy function (15). The mitral valve constitutive model was fit to an equibiaxial test
and an off-biaxial test. The following parameters for the mitral valve strain-energy function were
obtained: co=86.1, ¢; =0.0059 and c; =0.031. Note that all the material parameters provided
in [20] were without units.

Next, a spherical balloon made of the mitral valve material was subjected to an internal pres-
sure. The collagen fibres were arranged in the circumferential direction such that the problem is
axisymmetric.

The analysis was performed on one-eighth of the structure, see Figure 4. The balloon has
a radius of 10 and a thickness of 0.5. It was meshed with three-noded shell elements (ABAQUS
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Figure 3. Cauchy stress—stretch curves for a single element equibiaxial test for the anterior and posterior
leaflets: comparison of theoretical Cauchy stresses with numerical stresses obtained from the UMAT
subroutine. Stress values o1 are in the fibre direction, and g7 perpendicular to it.

type S3). After inflation the initially spherical balloon took on the shape of a rugby ball, see
Figure 5. In Figure 6 the pressure—displacement relationships of two radial points A and B
(see Figure 4) are plotted and compared with the results documented in [20].

The differences observed in Figure 6 can be explained by the fact that the two strain-energy
functions have very different forms. The function in [20] is based on Ogden’s material model,
includes 8 material parameters, and is more adapted for rubber-like materials, which can undergo
stretches up to 10. Our function (15) is based on an exponential form, includes 3 material param-
eters, and is more adapted for soft biological tissues, which undergo stretches in the order of 1.5.
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Fiber orientation

Figure 4. Geometry of a balloon made of transversely isotropic material.
Only one-eighth of the structure is shown.
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Figure 5. Inflation of a spherical balloon made of transversely isotropic
material: (a) initial and (b) current configuration.

Anyway, these results appear to be close enough in order to conclude that the stress and tangent
stiffness updates for the mitral valve model are properly implemented for out-of-plane loading.

Finally, this inflation test was carried out with the material model related to Equation (14), as
proposed by May-Newman and Yin [1], with the material parameters in Table I for the anterior
leaflet, and for the material model related to Equation (15), with the material parameters in Table II
for the anterior leaflet. In Figure 7 the pressure—displacement relationships of the two radial points
A and B (see Figure 4) are plotted for both material models. As can be seen, quite a difference
appears in the global pressure—displacement response.
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Figure 6. Inflation of a spherical balloon made of a transversely isotropic material: pressure—displacement
relationships of two radial points A and B (see Figure 4).
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Figure 7. Inflation of a spherical balloon made of a material to be described by (14) and (15): pressure—
displacement relationships of two radial points A and B (see Figure 4).

3.3. Initial simulations of mitral valve leaflets

In this section, we present a three-dimensional finite element model of the porcine mitral valve
that simulates a part of the heart cycle: starting at the end of diastole and ending at the maximum
pressure in the left ventricle (i.e. about the middle of the ejection phase). In the healthy mitral
valve, two types of chordae tendinae are present; these are the marginal chordae attached to the
free edge of the leaflets and the strut chordae attached beyond the free edge and the average total
number of chordae is 25, see Lam et al. [21]. Elongation or rupture of the chordae (pathological
state) can lead to mitral valve prolapse, which allows the leaflets to buckle back into the left atrium
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during the heart’s contraction. This may lead to backward leaking of blood into the left atrium.
In this study, two simulations were performed with different types of chordae tendinae: the first
one with marginal chordae only (pathological state) and the second one with marginal and strut
chordae (healthy state).

3.3.1. Geometry, material and boundary conditions. After the three-dimensional ultrasound mea-
surements were carried out on the heart of the anaesthetized animal, the dimensions of the porcine
mitral valve were measured post mortem. The diameter of the annulus was 22 mm, and the annulus
was assumed to be flat. The length of the anterior and posterior leaflets were measured to be 16
and 8 mm, respectively. The thickness of the leaflet was assumed to be constant and equal to 1 mm.
In order to simplify the model, the commissures of the mitral valve were not represented in the
model. Twenty chordae tendinae were attached to the edge of the leaflets, while the cross section
area of each chordae was assumed to be 1 mm?.

The constitutive model (15) was used for both leaflets taking the material parameters from
Table II. For the chordae, an isotropic incompressible hyperelastic material model was imple-
mented into the ABAQUS /Standard subroutine UHYPER. The material model was derived from the
following strain-energy function U':

U(l) =ai(l) — 3) + aslexp™ 173 — 1] (45)

where aj, ay and a3 are the material parameters. In order to determine a realistic material model
the stress—strain behaviour of the chordae tendinae in uniaxial tension, as published by Kunzelman
and Cochran [22], was used. The direction of the leaflet collagen fibres was assumed to be oriented
concentric to the mitral annulus [1].

The leaflets were meshed with triangular membrane elements M3D3 and the chordae tendinae
with truss elements T3D2. The nodes along the annulus were free to rotate in every direction
but their translations were constrained, i.e. the annulus was acting as an axis of rotation for
the leaflets. The translations were constrained at the attachment between the chordae and the
papillary muscles. We assumed fixed boundary conditions for the papillary muscles (see Figure 8).

Annulus @
22mm

G Mt Posterior 8mm
Anterior 16mm ; i
A" \.‘ "
Thickness of the
leaflet: 1mm 3

|
Chordas are fived at 2
the papillary muscles /2 Marginal chordae

. tendinas: 1mm’*
Commissures of the
mitral vah/e were

naglected

Figure 8. Initial geometry of the valve at the beginning of systole with related boundary conditions.
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Figure 9. Measured blood pressure in the left ventricle of the pig during the isovolumetric
contraction phase up to the maximum pressure in the left ventricle in the ejection phase
applied as load history on the leaflets.

In order to prevent the leaflets from interpenetrating each other upon closure, a contact condition
was set between the two surfaces. The measured blood pressure in the left ventricle of the pig
during the isovolumetric contraction phase up to the maximum pressure in the left ventricle in the
ejection phase was applied as load history, see Figure 9.

3.3.2. Results. The first simulation considered only marginal chordae, i.e. related to a patho-
logical state. After about 70% of the peak pressure the leaflets did not move much, i.e. the
main motion occurred up to this point in time. Figure 10 shows the position at the end of
the simulation at maximum ventricle pressure. In Figure 11 the pressure—displacement relation-
ships of a node located in the middle of the anterior leaflet are plotted. The quality of the
ultrasound measurements carried out on the pig was too poor; hence, the finite element re-
sults of the displacement in the 3-direction are compared with those obtained from the ultra-
sound measurements carried out on a healthy 25-year-old human male. The numerical values
of the displacement in the 3-direction in the higher pressure domain are larger than the dis-
placement taken from the ultrasound measurement. The displacement of the same node in the
2-direction, i.e. towards the posterior leaflet, shows that the area of coaptation (i.e. area in con-
tact) between the two leaflets reaches its maximum and remains constant after a pressure of
30 mmHg.

Next, in order to reduce the displacement of the anterior leaflet in the 3-direction, strut chordae
(i.e. chordae attached beyond the free edge of the leaflet) were attached to the anterior leaflet in
addition to the marginal chordae already attached. Hence, an FE analysis with six strut chordae,
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Figure 10. Position of the mitral valve at the end of the simulation at maximum
ventricle pressure, utilizing marginal chordae only.

70 T T T T T
— — — Displacement in the 3—direction (FE)
Displacement in the 3—direction (ultrasound data;
601 Displacement in the 2—direction (FE)

Blood pressure in the left ventricle (mmHg)

5 6 7 8
Displacements (mm)
Figure 11. Left ventricle blood pressure versus the computed displacements in the 2-direction (towards
the posterior leaflet) and the 3-direction for a node located at the middle of the anterior leaflet. The model
considers marginal chordae, i.e. related to a pathological state. The dots show the measured data of the
corresponding node obtained from the ultrasound measurements carried out on the human valve. For the
related directions see Figure 8.

i.e. related to a healthy state, was performed. In Figure 12 the blood pressure in the left ventricle
is plotted versus the displacements in the 3-direction. It is worth noting that the accuracy of the
first four measurement points is not certain; however, the remaining points have high accuracy. As
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Figure 12. Left ventricle blood pressure versus the computed displacements in the 3-direction for a

node located in the middle of the anterior leaflet. The model represents a healthy state. The dashed

curve shows the pressure—displacement relationship for the model with marginal chordae (pathologi-

cal state), see also Figure 11, while the solid curve shows the pressure—displacement relationship for

the model with marginal and strut chordae (healthy state). The dots show the measured data of the

corresponding node obtained from the ultrasound measurements carried out on the human valve. For
the related directions see Figure 8.

can be seen from Figure 12 the simulation is in relatively good agreement with the experimental
data.

Additional analyses of the mitral apparatus using the present material model for the leaflets are
presented by Prot and Skallerud [23] where the influence of the shape of the annulus (flat versus
saddle-shaped annulus) on the force distribution in the chordae and on the stress state of the leaflets
is investigated. A pathological state without strut chordae attached to the anterior leaflet is also
studied in detail.

4. CONCLUDING REMARKS

In this study an efficient implementation of a transversely isotropic hyperelastic material model is
presented. Incompressibility is accounted for, and a polyconvex strain-energy function is employed
and fitted to mitral valve tissue test results. The material model, which is also used for the
simulation of blood vessels, seems to be more robust and provide faster computational results
than the alternative, as proposed in [1]. In addition to the polyconvexity fulfilment, the model
only requires three material parameters. With the implemented model one has a tool available
that allows the simulation of mitral valve response for both healthy and diseased conditions. The
model will, however, be further validated against ultrasound measurements of higher resolution
in the future. This also opens up for determination of in vivo material parameters using inverse
methods.
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APPENDIX A

Component expressions for 0 p/0C: Recall matrix (16); and introduce the abbreviations ag; = cos 6
and ap = sin 0 so that [ag] = [ao1 ag2 0]T. Now, we provide the explicit expressions for the tensor
0p/0C, which reads in index notation

(6_p> _ 0p(Ci1, Cx, C12)
17

Al
oC 0Cyy (A

By recalling the derivatives 011 /0C =1 and 014/0C = ag ® ag we find the components of (A1) as

0
f’; = —dcoe1{(1 — CnCZ) + (I — 3)[2e1 (I — 3)(1 — CinCZ) + 2¢2(Is — D]
— (I} = 3)CyaC3}Ca3 expt 1= Heala=—1)? (A2)
P’ __, 1 — CnC2) + (I} — 3211 = 3)(1 = CnC) + 2¢2 (s — 1)a2
Cn coc1{(1 — C22C33) + (U1 — 3)[2c1 (L1 — 3)(1 — C22C33) + 2c2(Iy — Dag,]
— (I} = 3)C11 C33}Ca3 expt 1= Heala=1)? (A3)
0
% = —dcoc1 (2C12C2 + (I — DAy (I — 3)C12C2 + der (s — Daprag)
12
+2(I) — 3)C12C33}Caz exp 13 Healla=D)? (A4)
APPENDIX B

Derivative of Equation (36): Before deriving Equation (36) we recall the relation for the Jaumann—
Zaremba stress rate T, which is used in ABAQUS/Standard for continuum elements. Starting from
(13) and using the split 1=d 4 w, where w is the spin tensor, we deduce that

t—wi+tw=c:d+1d+dr B
where the left-hand side is t (see, e.g. [11]). Hence t=c : d + td + dt, and, consequently,
t=¢C:d, (&)iju=(C)ijx + Tikdji + dixTji (B2)

where € is the Jaumann—Zaremba tangent moduli and (&);;x; the related components.
Now, by taking (B1) and adding the terms t€2 — Qt to the left- and right-hand sides, with the
skew tensor @ =RRT, we get

T—-Qr+1Q=c:d+1td+dt+ (W—Q)t— 1(Ww— Q) (B3)

where the left-hand side is the Green—Naghdi Stress rate 1 according to (35);, and hence

\4

T =t+(wW—Q)t—1(Ww—Q) (B4)
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Mehrabadi and Nemat-Nasser [24] showed that the term (w — Q) can be expressed as
w—Q=A:d (B5)

where A is a fourth-order tensor defined through Equation (7.3.12b) in Simo and Hughes [19]. By
substituting (B5) in (B4) we may obtain in index notation

v o
T =[(©ijk — NiakiTaj + TiaNajkildi (B6)

where the terms between the brackets yield the desired result, i.e. the components of the non-

symmetric Green—Naghdi tangent moduli (E)i ikl according to (36);.
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